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We calculate the holographic entanglement entropy for the rotating cylindrical black holes in d+1 dimensions
as perturbations over AdSd+1. This is accomplished based on the first order variation of the area functional in
arbitrary dimensions. For these types of black holes, the angular momentum appears at the first order of the
perturbative expansion of the holographic entanglement entropy for spacetime dimensions of d +1 ≥ 4. We
obtain a form of holographic entanglement first law in the presence of both energy and angular momentum.
I. INTRODUCTION
Entanglement entropy (EE), as a common quantity in quantum field theory (QFT), is investigated in various field including
that of quantum information. Assume a given system and dividing it into two parts of A and B, the EE for the subsystem A is
defined by the von Neumann entropy SA =−Tr(ρAlogρA), where ρA is the reduced density matrix of A. ρA is obtained by tracing
over the density matrix for the total system ρtot , with respect to the degrees of freedom of B: ρA = TrBρtot . This entropy is used
as a measure of quantum correlations between the subsystems A and B. In higher dimensional QFTs, it is difficult to calculate
the EE values for an arbitrary subsystem A. Ryu and Takayanagi (RT) used the holographic principle to propose a holographic
description of this quantity. According to this principle, there is a correspondence between the gravitational theory and the one
lower dimensional non-gravitational theory. If the gravitational theory is defined in the Anti-de-Sitter (AdS) space, its dual is a
conformal field theory (CFT) located on the boundary of this space. This duality is called the AdS/CFT correspondence [1, 2].
These dualities may be described in QFT, by considering such non-local observables as two point correlation functions which
are dual to the geodesic length and Wilson loops which are dual to the minimal surface area [3]. RT proposed a relationship
to hold between the EE of the subsystem A on the d dimensional CFT side and the area of d−1 dimensional minimal surfaces
anchored at the boundary of AdSd+1 on the entangling surface [4, 5]. Therefore, the holographic entanglement entropy (HEE) is
given by:
SA =
Area(γA)
4G(d+1)N
, (1)
where, γA is the d−1 dimensional minimal surface on t constant slice in the bulk and G(d+1)N is the d+1 dimensional Newton
constant. It is known that there are usually UV divergences in HEE, and a regularization method is necessary to remove these
divergences. Therefore, the HEE for a deformed geometry is described by subtracting the contribution coming from the back-
ground AdS spacetime. The complicated form of γA for the metric of d+1 dimensional black holes in the bulk often makes the
exact calculation of HEE impossible. The HEE for non-rotating BTZ black holes was calculated exactly in Ref. [6]. It should be
noted that the minimal surface in a non-static spacetime does not live on t = constant slice so that it is impossible to implement
the RT proposal. The covariant version of the RT proposal for the bulk metric, which is either non-static or even non-stationary,
was presented in [6] and the HEE was derived for rotating BTZ black holes as a stationary but non-static spacetime.
Various perturbative methods may be used to evaluate the HEE in the presence of desired non-rotating black holes in the bulk
[7–10]. In this situation, the following relation may be derived for ∆SA:
∆SA = SA−S(0)A , (2)
where, SA is the HEE for an asymptotically AdS metric which is an excitation over pure AdS and S
(0)
A is the HEE in pure AdS.
In Ref. [8] it is argued that in the asymptotically AdS background, the HEE for the very small boundary subsystem obeys the
following relation which is similar to the first law of thermodynamics when the energy of the subsystem, ∆EA, is raised to the
above ground state
∆SA =
1
TE
∆EA, (3)
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2where, TE is the universal entanglement temperature proportional to the inverse of the subsystem size. The above relation means
that the variation in SA is given by physical observables. Also in Ref. [11–17] entanglement thermodynamics is investigated
in various asymptotically AdS background by using the HEE. For example in Ref. [11] the HEE for a very small exited
subsystem at the dual CFT is obtained in terms of energy, which is similar to the the first law of thermodynamics. In Ref. [18],
2+1 dimensional rotating BTZ black holes are taken as perturbations over the AdS2+1 spacetime. Then the HEE for a (2+1)
dimensional rotating BTZ black hole was obtained up to the second order of the metric perturbation. For rotating BTZ black
holes, energy appeared in the first order of HEE expansion and no angular momentum term contributed. At the second order,
however, both energy and angular momentum were observed to contribute. Thus at the second order of perturbation, the first
law of entanglement thermodynamics was presented with an extra term due to the presence of angular momentum. So far, no
computation have been made for the HEE of higher dimensional rotating black holes. We do this for the first time in this paper.
In this paper, we derive a perturbative expression for the HEE of d+ 1 dimensional rotating cylindrical black holes. We see
that in these black holes (d > 2), unlike in the rotating BTZ ones, the energy occurs along with the angular momentum at the first
order of perturbation. Thus at the first order the holographic entanglement first law contain both the entanglement temperature
and the entanglement angular velocities.
Our paper is organized as follows. In Section II, we consider a black hole as a perturbation around the AdSd+1. This
perturbation leads to a deviation of the minimal surface in the bulk. We, therefore, derive an expression for the variations in the
area of the d−1 dimensional minimal surface up to the first order of the metric perturbation. In Section III, we parametrize the
minimal surface to obtain the local basis for AdSd+1 spacetime used in the formula in the previous Section. In Section IV, as
an example we consider d + 1 dimensional planar AdS black holes in the bulk as perturbations over AdSd+1 and calculate the
HEE for them. In Section V, we calculate the HEE for the d+ 1 dimensional rotating cylindrical black holes as a perturbation
around the AdSd+1 using our covariant method. We also investigate the entanglement thermodynamics in d+1 dimensions for
these rotating black holes. In this way, the entanglement temperature and the entanglement angular velocities are obtained as
functions of the rotation parameters of rotating cylindrical black holes.
II. FIRST ORDER VARIATION OF AREA FUNCTIONAL
In order to calculate the HEE in AdSd+1, it is essential to find the area of the d−1 dimensional minimal surface. We assume
a black hole as a small perturbation on AdSd+1 that leads to the deviation of the minimal surface. The variations in the minimal
surface area depend on the changes in the bulk metric and the embedding functions:
δA = A(G+δG,xµ +δxµ)−A(G,xµ). (4)
We may obtain an expression for the variations in the minimal surface area and the changes in HEE up to the first order. For a
d+1 spacetime, the area functional of the minimal surface in d−1 dimensions is of the following form
A =
∫
dd−1ζ
√
h, (5)
where,
h = det hab , hab = g
(0)
µν∂axµ∂bxν , ∂a =
∂
∂ζ a
, (6)
in which, g(0)µν is the metric of AdSd+1, hab is the induced metric on d−1 dimensional surface, and a= 1, ...,(d−1). It is initially
assumed that the spacetime is not perturbed so that the geodesic equation for the minimal surface is obtained in this unperturbed
spacetime. To get the geodesic equation, the area functional in Eq. (5) needs to be varied:
δA =
∫
dd−1ζ δ
√
h. (7)
With some simple calculations we get to the Gauss equation (See appendix A):
∂a(
√
h hab∂bxµ)+
√
h habΓµνρ∂axν∂bxρ = 0. (8)
This is, indeed, the geodesic equation for the initial d− 1 dimensional minimal surface. We now turn to a small perturbation
around AdSd+1. We want to derive the difference between the minimal surface areas of the pure AdSd+1 and the perturbation
over it. Again, we need to calculate the variation in the area functional (5). In this case, δg(0)µν can be written as follows
δg(0)µν =
∂g(0)µν
∂xρ
δxρ +g(1)µν , (9)
3where, g(1)µν is a perturbation over the metric g
(0)
µν . It is clear that in this case the variation in the area functional includes the
geodesic equation and a new term in Eq. (10) that arises from the perturbation in the metric. The variation in the area then
becomes
δA =
∫
dd−1ζ
1
2
√
h hab [g(1)µν∂axµ∂bxν ]. (10)
Thus, the variation in the minimal surface area in the first order of the metric perturbation is derived, which is proportional to the
change in the HEE of the pure AdSd+1. This method is equivalent to covariant method [6] (See appendix B to clarify this issue).
Thus, one needs to derive the induced metric, hab, and the local basis, ∂axµ , for the pure AdSd+1 to compute the modification
of HEE in the presence of black holes in the bulk. Also, the metric perturbation g(1)µν is computed using the Fefferman-Graham
expansion close to the boundary in the following calculations for the d+1 dimensional planar AdS black holes and the rotating
cylindrical black holes in d+1 dimensions.
III. PARAMETRIZED MINIMAL SURFACE AND SOLUTION OF EQUATION OF MOTION
Let us consider the poincare coordinate where the boundary of AdSd+1 is located at z = 0; we have
ds2 =
1
z2
(−dt2+dz2+
d−1
∑
i=1
dx2i ), (11)
where, g(0)µν = 1z2 (−1,1,1, ....). We consider that the subsystem at the boundary of AdSd+1 is a strip with a length of l in a time
constant slice and also −l/2 < x1 < l/2, −L/2 < xi < L/2 for i = 2, ....d− 1. Considering the black holes as perturbations
over AdSd+1, it will be necessary to find ∂axµ , the local basis of the pure AdS, for use in expression (14). For this purpose,
the (d− 1) dimensional surface is parametrized with respect to parameters τ and σi as [ζ a] = [τ,σi], while −∞ < τ < ∞ and
−L/2 < σi < L/2. Therefore, the area functional in Eq. (5) is given by:
A =
∫
dd−2σ dτ
√
h, (12)
which is the Nambo-Goto action related to a geodesic surface. Also,
√
h in this case plays the role of a Lagrangian. To simplify
our calculations, we consider the coordinates in the surface such that xµ becomes a function of one of parameters σi or τ . This
assumption within the diagonal form of AdSd+1 metric makes a diagonal induced metric; i.e, hτσi = 0. If we consider AdSd+1 in
the bulk, the components of the induced metric in Eq. (6) can be rewritten in the following form:
hττ =
1
z2
(
(
∂x1
∂τ
)2+(
∂ z
∂τ
)2
)
, (13)
hσiσi =
1
z2
(
∂xi
∂σi
)2,
where,
x1 = x1(τ) , z = z(τ) and xi = xi(σi). (14)
The determinate of the induced metric is given by
h = (
1
z2
)d−1
(
(
∂x1
∂τ
)2+(
∂ z
∂τ
)2
)d−1
∏
i=2
(
∂xi
∂σi
)2. (15)
The equation of motion for the Nambo-Goto action in Eq. (12) is
∂
∂τ
(
∂L
∂ x˙µ
)+
d−1
∑
i=2
∂
∂σi
(
∂L
∂x′µ
)− ∂L
∂xµ
= 0, (16)
where, x′µ = ∂x
µ
∂σi
, x˙µ = ∂x
µ
∂τ , and µ = 0,1, i. Considering
√
h as a Lagrangian and solving the above equation for µ = 0,1, we
get
∂ z
∂τ
=±zd−1
√
1− ( z
z?
)2(d−1), (17)
4∂x1
∂τ
=
z2(d−1)
zd−1?
, (18)
where, z? is the maximum value of z determined from ∂ z∂τ = 0. One can show that in the limit of z→ 0 and for a positive
(negative) sign in Eq. (17), we have τ →−∞ (τ → ∞). Also, the constant of the integral can be derived at τ = 0 while z = z?.
The size of the subsystem can be obtained from (21) and (22) in terms of the AdS turning point z? [5]:
l = 2
√
pi
Γ( d2(d−1) )
Γ( 12(d−1) )
z?. (19)
We derived Eqs. (17) and (18) in the special gauge for L =
√
h = 1. The solution of Eq. (16) in this gauge for µ = i is given by:
∂xi
∂σi
= 1 , i = 2, ....d−1. (20)
In what follows, we will investigate the change in the entanglement entropies of both the d+ 1 dimensional planar AdS black
hole and the d+1 dimensional rotating cylindrical black holes as perturbations over the pure AdSd+1 spacetime.
IV. HOLOGRAPHIC ENTANGLEMENT ENTROPY OF d+1 DIMENSIONAL PLANAR AdS BLACK HOLES AS
PERTURBATION OVER THE PURE AdSd+1
In this Section, we consider the d + 1 dimensional planar AdS black holes as perturbations around AdSd+1 and determine
the changes in the HEE up to the first order. For this purpose, in addition to the local basis of AdSd+1 obtained in the previous
Section, we need to obtain the metric perturbation g(1)µν for planar AdS black holes. The metric of the d+1 dimensional planar
AdS black holes is given by:
ds2 =− f (r)dt2+ 1
f (r)
dr2+ r2
d−1
∑
i=1
dx2i , (21)
where,
f (r) =
r2
R2
− r2−dm, (22)
where, m is the integration constant related to the mass of black hole and R is the radius of the AdS space that we set equal to
1 throughout our calculations. In general, any spacetime that is asymptotically AdSd+1 can be described by Fefferman-Graham
coordinates close to the AdSd+1 boundary [19]:
ds2 =
dz2
z2
+
(ηµν + zdγµν + ....)dxµdxν
z2
. (23)
Using the coordinate transformation dzz =
dr√
f (r)
, we obtain
r =
1
z
(1+
1
4
m zd)2/d . (24)
Then, the metric (21) can be represented in Fefferman-Graham expansion near the boundary (z = 0):
ds2 =
dz2
z2
− ( 1
z2
−g(1)tt + ...)dt2+(
1
z2
+g(1)xixi + ...)
d−1
∑
i=1
dx2i (25)
=
dz2
z2
− 1
z2
(1−mzd(d−1
d
)+ ...)dt2+
1
z2
(1+
1
d
mzd + ...)
d−1
∑
i=1
dx2i .
So, the metric of the planar AdS black holes transformed into (23), where the non-zero values of g(1)µν = zd−2γµν in d + 1
dimensions is given by
g(1)tt = mz
d−2(
d−1
d
), (26)
5g(1)xixi =
1
d
mzd−2 f or i = 1....d−1. (27)
Substituting the above components, the local basis relations for AdSd+1, and Eq. (13) into (10) will yield the perturbation in the
entanglement entropy up to the first order:
δS1 =
δA
4G(d+1)N
=
m Ld−2l2
32(d+1)G(d+1)N
Γ( 12(d−1) )
2Γ( 1d−1 )√
piΓ( 12 +
1
d−1 )Γ(
d
2(d−1) )
2
, (28)
in which, the integral (10) is evaluated based on z = 0 to z = z?. Moreover, z? is substituted with respect to l from Eq. (19).
So, the modification of HEE up to the first order is proportional to the black hole mass and the subsystem size. In Ref. [8],
HEE is calculated for the asymptotically AdSd+1 background by using a perturbative method in the very small l limit such that
mld << 1. If we use the method of Ref. [8] to obtain δS1 for the metric (21), we find the same expression (28) for the HEE of
the planar AdS black holes.
A. Entanglement first law for d+1 dimensional planar AdS black holes
According to the AdS/CFT dictionary, the transition from the ground state to an excited state for a system in the dual CFT
implies a change from the pure AdS to an asymptotically AdS in the bulk. In thermodynamics, changes in the total energy, E,
of a system depend on changes in entropy, S. This leads to the first law of thermodynamics and the definition of temperature:
dE = T dS. It has been argued in Ref. [8] that the relationship between the entanglement entropy of a very small subsystem in the
boundary CFT and the energy of this subsystem is interpreted in terms of the first law of thermodynamics. This relationship was
expressed by an effective (entanglement) temperature, Tent , that is proportional to the inverse of the subsystem size: Tent = ∆E∆S .
As already mentioned, we can write any asymptotically AdS spacetime in the Fefferman-Graham coordinates as in Eq. (23).
In this situation, the observable parameters, like energy and angular momentum, appear as fluctuations about the pure AdS
spacetime. The expectation value of the boundary energy momentum tensor is defined by the first perturbative term in the metric
as follows [20–22]:
< Tµν >=
d
16piG
γµν . (29)
An increased amount of energy for an excited system is given by the first component of this tensor:
∆E =
∫
dd−1x < Ttt > . (30)
Using the above equations and the relation (26) for the d+1 dimensional planar AdS black holes, we have
∆E =
∫
dd−1x
d−1
16piG
m =
d−1
16piG
m l Ld−2. (31)
From the above equation and Eq. (28), like what is said in Ref. [8] we get the following ratio between energy and the HEE of
the subsystem and define it the entanglement temperature:
TE =
2(d+1)(d−1)√
pi
Γ( 12 +
1
d−1 )Γ(
d
2(d−1) )
2
Γ( 1d−1 )Γ(
1
2(d−1) )
2
l−1. (32)
It is thus seen that the entanglement temperature depends only on the shape of the subsystem and changes with the inverse of the
subsystem size l. Thus, the entanglement temperature for a very small excited subsystem is obtained such that the relationship
between the entanglement entropy and the increased energy is similar to the first law of thermodynamics.
V. HOLOGRAPHIC ENTANGLEMENT ENTROPY OF d+1 DIMENSIONAL ROTATING CYLINDRICAL BLACK HOLES
In this Section, which is actually the main part of the article, we obtain the HEE for the d+1 dimensional rotating cylindrical
black holes. As already mentioned in the introduction, the typical RT method is not, however, applicable to rotating black holes.
Hence, the method proposed in Section II is used to obtain the HEE for d+1 dimensional rotating cylindrical black holes. The
6exact solution for rotating black holes with cylindrical symmetry in (3+1) dimensions and a negative cosmological constant may
be found in [23]. The generalization of this solution to higher dimensions was presented in [24, 25]. The metric is given by:
ds2 =−F(r)
(
Ξdt−
n
∑
i=1
ai dφi
)2
+ r2
n
∑
i=1
(aidt−Ξ dφi)2 (33)
+
dr2
F(r)
− r2
n
∑
i< j
(ai dφ j−a j dφi)2+ r2
d−1−n
∑
i=1
dx2i ,
where, n = [d/2] is the number of rotation parameters ai and Ξ=
√
1+∑ni a2i . The metric function is
F(r) = r2(1− ( r+
r
)d), (34)
where, r+ is the place of event horizon. We can consider the above metric as perturbation over pure AdSd+1 spacetime to
calculate the regularized HEE for rotating cylindrical black holes in higher dimensions. In order to obtain the metric fluctuations
over AdS in d + 1 dimensions, g(1)µν , we need to find the Fefferman-Graham expansion close to the boundary. Adopting the
definition of the new coordinate, dzz =
dr√
F(r)
, we can obtain r as follows
r =
1
z
(1+
1
4
rd+z
d)2/d . (35)
Rewriting the metric in Eq. (33) in terms of the new coordinate z near the boundary (z = 0), we will have the following metric
in poincare coordinates (φi→ x˜ilAdS ):
ds2 =
dz2
z2
− 1
z2
(1− rd+zd(
d−1
d
)+ ...)(Ξdt−
n
∑
i=1
aidx˜i)2 (36)
+
1
z2
(1+
1
d
rd+z
d + ...)
n
∑
i=1
(aidt−Ξdx˜i)2
− 1
z2
(1+
rd+z
d
d
+ ...)
n
∑
i< j
(aidx˜ j−a jdx˜i)2
+
1
z2
(1+
rd+z
d
d
+ ...)
d−1−n
∑
i=1
dx2i .
Thus, the non-zero values of the metric perturbation coefficients g(1)µν in d+1 dimensions are given by
g(1)tt = r
d
+z
d−2(Ξ2− 1
d
), (37)
g(1)tx˜i =−aiΞrd+zd−2, (38)
g(1)x˜i x˜i = r
d
+z
d−2(a2i +
1
d
), (39)
g(1)xixi =
1
d
rd+z
d−2. (40)
We assume that x˜1 and z are functions of τ , and further that x˜i = x˜i(σi) for i = 2...n and xi = xi(σi) for i = 1...d−n−1. Thus,
using Eq. (10), the local basis relations for AdSd+1 spacetime, Eq. (13), and the above relations for the components of the metric
perturbation, the regularized form of HEE up to the first order will be as in (45):
δS1 =
δA
4G(d+1)N
=
rd+L
d−2
4G(d+1)N
(
d−1
2(d+1)
+
a21
d+1
+
(n−1)
2
n
∑
i=2
a2i ) (41)
×
[ l2Γ( 12(d−1) )2Γ( 1d−1 )
4
√
pi(d−1)Γ( d2(d−1) )2Γ( 12 + 1d−1 )
]
,
in which the integral (10) is evaluated in the interval 0 < z < z?, −l/2 < x˜1 < l/2 and −L/2 < (x˜i and xi)< L/2. Moreover, z?
is replaced with respect to l from Eq. (23). It is observed that the HEE for these types of black holes is not only proportional to
event horizon but also to the rotating parameters, (a1,ai).
7A. Entanglement first law for d+1 dimensional rotating cylindrical black holes
rWhen we have a subregion A in QFT, a small change in the density matrix of a pure state ρ = ρ0 + δρ makes a small
change in the entanglement entropy of A, δSA. As calculated in [26], δSA satisfies a local relation similar to the first law of
thermodynamics
δSA(x) = β0δEA, (42)
where, δEA = δ < T00 >Vol(A) is the increased energy inside A and β0 is obtained from the local inverse entanglement temper-
ature β (x) by the relation: β0 =
∫
A β (x)
Vol(A) . Also a generalization of the above relation in the presence of conserved charges Qa and
chemical potentials µa was obtained in [26]. In this case for a state at finite temperature T , the density matrix as follows
ρ =
exp(− (H−µaQa)T )
Z
. (43)
Thus, the first law becomes general to the following form
δSA(x) = β0(δEA−µaδQaA), (44)
where, δQaA = δ < Qa > Vol(A). The corresponding density matrix for rotating cylindrical black holes background is written
as
ρ =
exp(− (H−ΩiJi)T )
Z
, (45)
where, H is the hamiltonian and Ωi are the angular velocities as the conjugate of the angular momentums Ji. So the first law
that is similar to the Eq. (44) can be written by replacing µ with Ω and the conserved charge Q with the conserved angular
momentum J.
Here we write the entanglement first law for the d+1 dimensional rotating cylindrical black holes by using the HEE. Accord-
ing to Ref. [8, 18], we define the entanglement temperature and the entanglement angular velocity to satisfy the entanglement
first law. The observable parameters can be derived from the expectation value of the boundary energy-momentum tensor in
asymptotically AdS spacetimes [22]. The presence of the black hole in the bulk corresponds to exciting the system at the bound-
ary. From Eq. (29) and the components of the metric perturbation in Eqs. (37) and (42), amount of increased energy and angular
momentum for the entangling excited subsystem are
∆E =
∫
dd−1x < Ttt >=
l
16piG
Ld−2rd+(d Ξ
2−1), (46)
∆Ji =−
∫
dd−1x < Ttφi >=
l d
16piG
Ld−2 rd+ai Ξ. (47)
Relation (41) for δS1 can be written in terms of ∆E and ∆Ji using Eqs. (46) and (47). For example, for spacetime dimensions:
d+1 = 3 (rotating BTZ black hole), we will have:
δS1 =
l∆Epi
3
, (48)
that depends only on energy and there is no contribute from angular momentum. Also, for spacetime dimensions: d+1 = 4, we
will get:
δS1 =
l
(
3∆E +
√
(−8∆J21 +9∆E2)
)
pi Γ
( 1
4
)2
96 Γ
( 3
4
)2 . (49)
The angular momentum in this dimension is seen to appear as an effective quantity along with the energy. The same holds true
for higher dimensions. Here we can express the entanglement first law for rotating cylindrical black holes in the presence of
both energy and angular momentum
d(∆S) =
1
TE
d(∆E)−
n
∑
i=1
ΩiE
TE
d(∆Ji), (50)
8where, ∆S = δS1 is the difference in entanglement entropy between the excited state and the ground state or the AdS spacetime
up to the first order. Note that we can compute the pressure components along the x˜i and xi directions by using the energy-
momentum tensor of the CFT as follows:
∆P|x˜i x˜i = 〈Tx˜i x˜i〉=
drd+(a
2
i +
1
d )
16piG
, ∆P|xixi = 〈Txixi〉=
rd+
16piG
. (51)
It is clear that these two quantities are also functions of ∆E and ∆Ji and have no effect on the first law and in the entanglement
first law V∆P dose not appear. However, V∆P is an essential term in the first law when there is another variable in addition to
rd+ and ai in the metric. For example this is the case for the boosted black brane [27] and some other backgrounds.
When we fix the size of the subsystem (l), the entanglement temperature and angular velocity can be obtained for d + 1
dimensional rotating cylindrical black holes to satisfy the entanglement first law (50). For example, in spacetime dimensions:
d+1 = 4, we have one rotation parameter (n = 1). It is, therefore, clear from Eqs. (41), (46) and (47) that: δS1 = δS1(a1,r+),
∆E = ∆E(a1,r+) and ∆J1 = ∆J1(a1,r+). Now we can use the method of [28] to calculate the partial derivatives (See appendix
C for an introduction to the bracket notation).
∂ (δS1)
∂ (∆E)
|∆J1 f ixed =
{δS1,∆J1}a1,r+
{∆E,∆J1}a1,r+
, (52)
∂ (δS1)
∂ (∆J1)
|∆E f ixed = {δS1,∆E}a1,r+{∆J1,∆E}a1,r+
.
So the entanglement temperature and angular velocity are given by
1
TE
=
∂ (δS1)
∂ (∆E)
|∆J1 f ixed =
l pi
(
1+a21
)
Γ
( 1
4
)2
8
(
2+a21
)
Γ
( 3
4
)2 , (53)
Ω1E
TE
=−∂ (δS1)
∂ (∆J1)
|∆E f ixed =
l pi
(
a1
√
1+a21
)
Γ
( 1
4
)2
12
(
2+a21
)
Γ
( 3
4
)2 .
For d+1 = 5, there are two rotation parameters (n = 2); so, δS1 = δS1(a1,a2,r+), ∆E = ∆E(a1,a2,r+), ∆J1 = ∆J1(a1,a2,r+),
and ∆J2 = ∆J2(a1,a2,r+). Using the general form of Relation (52) for the functions of the three variables, we obtain the partial
derivative and, thereby, the entanglement temperature and angular velocity as follows:
1
TE
=
∂ (δS1)
∂ (∆E)
|∆J1,∆J2 f ixed =
l
√
pi
(
3+4a21+a
2
2
)
Γ
( 1
6
)2 Γ( 13)
30
(
3+2(a21+a
2
2)
)
Γ
( 2
3
)2 Γ( 56) , (54)
Ω1E
TE
=−∂ (δS1)
∂ (∆J1)
|∆E,∆J2 f ixed =
l
√
pi a1
(
2+2a21+a
2
2
)
Γ
( 1
6
)2 Γ( 13)
20 Ξ
(
3+2(a21+a
2
2)
)
Γ
( 2
3
)2 Γ( 56) ,
Ω2E
TE
=−∂ (δS1)
∂ (∆J2)
|∆E,∆J1 f ixed =−
l
√
pi a2
(
1+a22
)
Γ
( 1
6
)2 Γ( 13)
20 Ξ
(
3+2(a21+a
2
2)
)
Γ
( 2
3
)2 Γ( 56) .
We can use the general form of the partial derivative formula for the functions of (n+ 1) variables. Employing this procedure
for higher dimensions, we can obtain the entanglement temperature in arbitrary dimensions:
1
TE
=
Γ
(
1
2(d−1)
)2
Γ
( 1
d−1
)
Γ
(
d
2(d−1)
)2
Γ
( 1
d−1 +
1
2
) (55)
×
l
√
pi
(
(d−1)+2(d−2)a21+((3d−1)− (d+1)n)∑ni=2 a2i
)
2(d2−1)
(
(d−1)+(d−2)∑ni=1 a2i
) .
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FIG. 1: Plot a, entanglement temperature TE as a function of subsystem size l for spacetime dimensions: d+1 = 4 for a1 = 0.2
(green thick line), a1 = 0.5 (red dot-dashed line), and a1 = 0.8 (blue dot line); Plot b, TE as a function of rotation parameter a1
for spacetime dimensions: d+1 = 4 for l = 1 (green thick line), l = 3 (red dot-dashed line), and l = 5 (blue dot line); and Plot
c, entanglement angular velocity Ω1E as a function of a1 for spacetime dimensions: d+1 = 4.
Also, the entanglement angular velocities, Ω1E as the conjugate of ∆J1, and Ω jE as the conjugate of ∆J j in arbitrary dimensions
are given by
Ω1E =
2 a1
d Ξ
×
( 1
(d−1)+2(d−2)a21+((3d−1)− (d+1)n)∑ni=2 a2i
)
(56)
×
(
(d−1)(d−2)(1+a21)+((d(d−2)+5)− (d+1)n)
n
∑
i=2
a2i
)
,
Ω jE =
−2 a j
d Ξ
×
( 1
(d−1)+2(d−2)a21+((3d−1)− (d+1)n)∑ni=2 a2i
)
(57)
×
(
a21 (d(d−1)−2)(n−2)+(d−1)(1+
n
∑
i=2
a2i )(−(2d+1)+(d+1)n)
)
,
that is, j = 2,3, ...n. Using Relations (55) and (56) when d = 2 (n = 1), we have TE = 3pi l and Ω1E = 0, which is consistent
with the result reported in [18] for a rotating BTZ black hole. For d = 2, therefore, the entanglement temperature changes
with the inverse of l and the entanglement angular velocity vanishes at the first order. This means that for the rotating BTZ
black hole the leading order of the entanglement angular velocity appears at the second order of perturbation. It may also be
noted from the above relations that for d = 3,4,5, .... the entanglement temperature depends on both l and rotation parameters
ai and it is interesting that the entanglement angular velocity appears in the first order and depends on rotation parameters as
well. Dependence of the entanglement temperature on the subsystem size and rotation parameters is depicted in Figs.1 and 2 for
d = 3,4, respectively. Also, the entanglement angular velocities are plotted as functions of rotation parameters in Figs.1 and 2
for d = 3,4, respectively.
VI. CONCLUSION
In this paper, we computed the holographic entanglement entropy of d + 1 dimensional rotating cylindrical black holes as
perturbation over AdSd+1. The significance of our paper is that the holographic entanglement entropy and the holographic
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FIG. 2: Plot a, entanglement temperature TE as a function of subsystem size l for spacetime dimensions: d+1 = 5 and
a2 = 0.5 for a1 = 0.2 (green thick line), a1 = 0.5 ( red dot-dashed line), and a1 = 0.8 (blue dot line); Plot b, TE as a function of
a1 for spacetime dimensions: d+1 = 5 and a2 = 0.5 for l = 1 (green thick line), l = 3 (red dot-dashed line), and l = 5 (blue
dot line); Plot c, entanglement angular velocity Ω1E as a function of a1 for spacetime dimensions: d+1 = 5 and a2 = 0.5; and
Plot d, Ω2E as a function of a2 for spacetime dimensions: d+1 = 5 and a1 = 0.5.
entanglement first law of the rotating cylindrical black holes (for d > 2) has not been calculated before. We derived the ex-
pression, based on variation of the minimal area functional, for the holographic entanglement entropy of any asymptotically
AdS spacetime up to the first order of the metric perturbation. In the case of d+1 dimensional rotating cylindrical black holes,
there is an interesting result in the entanglement entropy where the angular momentum appears at the first order of perturbation.
Hence, the holographic first law was written with the presence of both energy and angular momentum to obtain the entanglement
temperature and the entanglement angular velocities. In addition to the subsystem size l, the entanglement temperature is also
found to be a function of rotation parameters (for d > 2). The entanglement temperature was plotted as a function of the rotation
parameter a1 exhibiting a decreasing trend with increasing value of this parameter. Also, the entanglement angular velocities
were computed as functions of rotation parameters. The entanglement angular velocities Ω1E and Ω2E were plotted as functions
of the rotation parameters a1 and a2, respectively. In both cases, the entanglement angular velocity was found to increase with
increasing rotation parameter.
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VII. APPENDIX
A.
To derive the geodesic equation, we start with the Eq. (7) where,
δ
√
h =
1
2
√
h habδhab. (58)
The variation of the induced metric from Eq. (6) with respect to the metric in the bulk and the coordinates may be recast as
follows:
δhab =
[
δg(0)µν∂axµ∂bxν +g
(0)
µν∂a(δxµ)∂bxν +g
(0)
µν∂axµ∂b(δxν)
]
. (59)
By replacing Eqs. (58) and (59) into Eq. (7), we obtain δA in the following form:
δA =
1
2
∫
dd−1ζ
√
h hab
[
δg(0)µν∂axµ∂bxν +g
(0)
µν∂a(δxµ)∂bxν +g
(0)
µν∂axµ∂b(δxν)
]
. (60)
Using δg(0)µν =
∂g(0)µν
∂xρ δx
ρ , we get
δA =
1
2
∫
dd−1ζ
[√
h hab
∂g(0)µν
∂xρ
δxρ∂axµ∂bxν +∂a(
√
h hab g(0)µνδxµ∂bxν)−∂a(
√
h hab∂bxν) g
(0)
µνδxµ (61)
−
√
h hab
∂g(0)µν
∂xρ
∂axρ∂bxνδxµ +∂b(
√
h habg(0)µν∂axµδxν)−∂b(
√
h hab∂axµ)g
(0)
µνδxν
−
√
h hab
∂g(0)µν
∂xρ
∂bxρ∂axµδxν
]
.
Ignoring the total derivative terms and simplifying somewhat slightly, we see that the condition of minimal surface, δA = 0,
leads to the Gauss equation
∂a(
√
h hab∂bxµ)+
√
h habΓµνρ∂axν∂bxρ = 0. (62)
B.
Here we intend to show that our approach is equivalent to the covariant method proposed by Hubeny, Rangamani and
Takayanagi (HRT) [6]. The HEE of the 2+1 dimensional rotating BTZ black hole was obtained exactly by HRT in [6]:
SBT Z =
c
6
ln
(β+β−
pi2ε2
sinh(
pil
β+
)sinh(
pil
β−
)
)
, (63)
where, β± = 2pir+±r− and r+,r− are the outer and inner horizon respectively. Also ε is the UV cutoff and c =
3
2G is the central
charge of boundary dual CFT2. So increasing the HEE of the subsystem with size l in the presence of rotating BTZ black hole
is obtained by subtracting above expression from pure AdS contribution, SAdS3 =
c
3 ln
(
l
ε
)
:
δS = SBT Z−SAdS3 =
c
6
ln
(β+β−
pi2l2
sinh(
pil
β+
)sinh(
pil
β−
)
)
. (64)
If we expand the above expression in the limit pilβ± << 1, we get the following relation up to the first order of perturbation
δS1 =
l2(r2++ r
2−)
48G
. (65)
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On the other hand, if we use the formula (10) for the 2+1 dimensional rotating BTZ, we see that the result is exactly matches
with Eq. (65). This was investigated in ref. [18].
Here we will show that the HRT method is equivalent to our perturbative calculation of HEE in the higher dimensions. We
use the covariant HRT method perturbatively and specifically for the rotating cylindrical black holes. For example in d+1 = 4
the metric (36) up to the first order of perturbation is as follows:
ds2 =
dz2
z2
− 1
z2
(
1− 2
3
r3+z
3
)(
Ξdt−a1dx˜1
)2
(66)
+
1
z2
(
1+
1
3
r3+z
3
)(
a1dt−Ξdx˜1
)2
+
1
z2
(
1+
1
3
r3+z
3
)
dx21.
By assuming that x˜1 and t are the functions of z: x˜1(z), t(z), we can write the area functional in the following form
A = 2
∫ L
2
−L
2
dx1
∫ z?
0
√( 1
z2
+
1
3
r3+z
)( 1
z2
+(
−1
z2
+ r3+z(Ξ2−
1
3
))t ′2−a1Ξr3+z(t ′x˜1′)+(
1
z2
+ r3+z(a21+
1
3
))x˜1′2
)
dz, (67)
where, the prime denotes the derivative with respect to z. To minimize this area perturbtively, we start with pure AdS where
r3+ = a1 = 0. In this case we can assume constant time slice (t
′ = 0) for the minimal surface and write the above area functional
as follows
A = L
∫ l
2
−l
2
1
z2
√
1+ z′2dx˜1. (68)
Considering the integrand of (68) and x˜1 as a Lagrangian and time, respectively, leads to a Hamiltonian:
H =
−1
z2
√
1+ z′2
,
dH
dx˜1
= 0. (69)
If we evaluate (69) at x˜1 = 0 where z = z? and impose the condition z′(x˜1) = 0 at z?, we get to
x˜1′(z) =
dx˜1
dz
=± z
2√
z4?− z4
, t ′ = 0. (70)
By integrating dx˜1 from −l2 to
l
2 , we can write z? in terms of l: z? =
l Γ( 14 )
2
√
piΓ( 34 )
. Substituting Eqs. (70) to Eq. (67) and expanding
up to the first order of r3+ gives
δS1 =
δA
4G4N
=
r3+l
2L(1+a21)Γ(
1
4 )
2
128G4NΓ(
3
4 )
2
, (71)
where δ denotes the difference between first order of perturbation and pure AdS contribution. The above relation exactly
matches with Eq. (41) for d = 3 and n = 1. Also for higher dimensions, compatibility can be shown in this way. Note that
if we continue this perturbative method to the second order, we need to write the metric expansion, Eq. (36) up to the second
order of perturbation, and more importantly Eqs. (70) for x˜1′(z) and t ′ must be corrected by terms that contain the first order of
perturbation.
C.
Consider f , g, h, and k as functions of (q1,q2,q3). Now, we can use the following relation for the derivative of f with respect
to g while h and k are fixed: (∂ f
∂g
)
h,k
=
{ f ,h,k}q1,q2,q3
{g,h,k}q1,q2,q3
, (72)
where, the Nambu bracket is defined as follows:
{ f ,h,k}q1,q2,q3 =
3
∑
i jk=1
εi jk
∂ f
∂qi
∂h
∂q j
∂k
∂qk
=
∣∣∣∣∣∣∣
∂ f
∂q1
∂ f
∂q2
∂ f
∂q3
∂h
∂q1
∂h
∂q2
∂h
∂q3
∂k
∂q1
∂k
∂q2
∂k
∂q3
∣∣∣∣∣∣∣ . (73)
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When f , g, and hn(n = 1,2,3, ...) are functions of (n+1) variables, the generalization of the above relations becomes [28]:
(∂ f
∂g
)
h1,....,hn
=
{ f ,h1, ...,hn}q1,q2,....,qn+1
{g,h1, ...,hn}q1,q2,....,qn+1
, (74)
where,
{ f ,h1, ...,hn}q1,q2,....,qn+1 =
n+1
∑
i jk....l=1
εi jk...l
∂ f
∂qi
∂h1
∂q j
∂h2
∂qk
.......
∂hn
∂ql
. (75)
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